Libera [6] proved that if f(z) = z + ΣϊU ^^n maps | z \ < 1 onto a convex, starlike, or close-to-convex domain, then so does F(z) = 2Z' 1 \ Z f(t)dt = z + Σjn=22a n z n /(n + 1). Bernardi [1] then proved that
Jo if f(z) maps | z \ < 1 onto a convex, starlike, or close-to-convex domain, t c~ι f(t)dt = 0
Σιn=i(c + ϊ)a n z*/(n+c) does also. Lewandowski, Miller, and Zlotkiewicz noted that Bernardi's result could be rephrased as, for any positive integer c, the first order linear differential equation (1) 
cF(z) + zF\z) = (c + l)f(z)
with convex, starlike, or close-to-convex driving term f(z) has a convex, starlike, or close-to-convex solution. They then proved [5] that (1) has a starlike univalent solution for any starlike driving function f(z) for any complex c with Re c ^ 0. Libera [8, Problem 2.3] asked whether the differential equation (1) would have this geometric invariance property if f(z) were univalent or if f(z) were spiral-like. Before we answer both of these questions in the negative, let us see how his question is connected with the Mandelbrojt-Schiffer conjecture for univalent functions.
Mandelbrojt and Schiffer conjectured that if f(z) = Σ a n z n and 9(z) -Σ K% n are univalent in | z \ < 1, then so also are the functions H* = {/*#(£): f*g(z) = Σ aj)*,z n ln}. This was settled negatively (it would have implied the Bieberbach conjecture) in three separate papers. Hayman [4] exhibited a univalent function f(z) such that f*f(z) grows too fast for z near 1. His analysis shed no light on the valence of functions in iϊ*. Epstein and Schoenberg [2] exhibited 30 DOUGLAS M. CAMPBELL AND V. SINGH a starlike univalent polynomial whose composition with a nonelementary univalent function was not even locally univalent (but was at most three valent). Finally, Loewner and Netanyahu [7] exhibited two close-to-convex functions whose Hadamard composition is not even locally univalent (but again they were unable to determine if H* contains functions of infinite valence). Loewner and Netanyahu's counterexample is to be contrasted with proof of the Polya-Schoenberg conjecture that f*g is starlike if / and g are starlike.
In 1968 A. W. Goodman [3, p. 1046] in his survey paper on univalent functions raised the question of determining the maximum valency for functions in H*.
Using Liberals result for starlike functions, we see that is starlike and for this g(z) the Hadamard composition 
which is obviously univalent upon considering the geometry of exp (( -1 + hi) log (1 -z)) in \z\ < 1. However, 
it therefore suffices to show that (1 + z)\iz -1) equals -1 countably often in the disc. We will prove this in the context of the following useful theorem which guarantees that a complex number is in the range set of an analytic function if it is in the range set of the analytic function times a "well-behaved part."
THEOREM. (2) and (4), unbounded in N*. Choose a point
Let k(z) be analytic in \z\ < 1 and N be a simply connected region in \z\ < 1 with dNf\ {\z\ = 1} = e* 9 . Let f(z), g{z) be analytic in \z\ < 1 and satisfy (1) fc(«) = /(*).fif(«). (2) lim g(z) = c Φ 0 as z -> e iθ within N. (3) / has no asymptotic values within N at e ίΰ , i.e., for every path 7 in N ending at e iθ , f(z) does not tend to a finite or infinite limit as z ->
The path y(t) lies in N* and cannot go to dN* -{e i$ } since \h(z)\ < 1/d on ΘN* -{β*}. Thus τ(ί) must approach e^. Consequently Λ(») must have an asymptotic value at e iθ . But by (2) this implies that f(z) has an asymptotic value at e ί& which contradicts (3) . Therefore the assumption that cw 0 is not in the range set of k(z) on N cannot hold. This concludes the proof of the theorem.
We apply this theorem to
N an appropriately large Stolz angle at z = -1. We remark that an identical theorem holds four an additive version and we no longer need to restrict c.
We close the paper with a remark and four related open questions. Loewner and Netanyahu [7, p. 286] claimed "We should like to remark that one can also obtain another disproof of Conjecture I (the Mandelbrojt-Schiffer conjecture) by composing (Convolution) (3-68 + 36--13) + {e iiβ + e~m){Z -lZ) . 
